In a previous article, we showed the Rasmussen-Tamagawa conjecture for QM-abelian surfaces over imaginary quadratic fields. In this article, we generalize the previous work to QM-abelian surfaces over number fields of higher degree. We also give several explicit examples.
For elliptic curves, we have the following result related to Conjecture 1.1 (owing to [10, . Let K be Q or a quadratic field which is not an imaginary quadratic field of class number one. Then the set A (K, 1) is finite.
We are interested in higher dimensional cases, in particular, in the case of QMabelian surfaces, which are analogous to elliptic curves. Let B be an indefinite quaternion division algebra over Q. 
of Z p -algebras. Now we recall the definition of QM-abelian surfaces. Definition 1.3 (cf. [6, p.591] ). Let S be a scheme over Q. A QM-abelian surface by O over S is a pair (A, i) where A is an abelian surface over S (i.e. A is an abelian scheme over S of relative dimension 2), and i : O ֒→ End S (A) is an injective ring homomorphism (sending 1 to id). Here End S (A) is the ring of endomorphisms of A defined over S. We assume that A has a left O-action. We will sometimes omit "by O" and simply write "a QM-abelian surface" if there is no fear of confusion.
For a number field K and a prime number p, let A (K, 2, p) B be the set of Kisomorphism classes of abelian varieties A over K in A (K, 2, p) such that there is an injective ring homomorphism O ֒→ End K (A) (sending 1 to id). Let us also define the set
Let h K denote the class number of K. Conjecture 1.1 for QM-abelian surfaces has been partly confirmed. [5] ). Let K be an imaginary quadratic field with h K ≥ 2. Then the set A (K, 2) B is finite.
The main result of this article is the following theorem, which is a generalization of Theorem 1.4 to number fields of higher degree. Theorem 1.5. Let K be a finite Galois extension of Q which does not contain the Hilbert class field of any imaginary quadratic field. Assume that there is a prime number q which splits completely in K and satisfies B ⊗ Q Q(
Then the set A (K, 2) B is finite.
In the next section, we prove Theorem 1.5. In §4, we give examples of the main result after recalling needed facts in §3. 
, and θ p is the mod p cyclotomic character.
(2) Conjecture 1.1 is equivalent to the following assertion: There exists a constant C RT (K, g) > 0 depending on K and g such that we have A (K, g, p) = ∅ for any prime number p > C RT (K, g). 
(4) Let QM be the set of isomorphism classes of indefinite quaternion division algebras over Q. Define the set
which is a subset of A (K, 2). We then have the following corollary to Theorem 1.4 (see [4, Corollary 9 .5]): Let K be an imaginary quadratic field with h K ≥ 2. Then the set A (K, 2) QM is finite. 
Notation
For a field k, let k denote an algebraic closure of k, let k sep denote the separable closure of k inside k, and let G k = Gal(k sep /k). For an integer n ≥ 1 and a commutative group (or a commutative group scheme) G, let G[n] denote the kernel of multiplication by n in G.
For a prime number p and an abelian variety A over a field k, let T p A := lim ←− A[p n ](k) be the p-adic Tate module of A, where the inverse limit is taken with respect to multiplication by p :
. For a number field K, let O K denote the ring of integers of K, let K v denote the completion of K at v where v is a place (or a prime) of K, and let Ram(K) denote the set of prime numbers which are ramified in K.
Galois representations
A QM-abelian surface has a Galois representation which looks like that of an elliptic curve as explained below (cf. [12] ). Let k be a field of characteristic 0, and let (A, i) be a QM-abelian surface by O over k, where O is a fixed maximal order of B which is an indefinite quaternion division algebra over Q. We consider the Galois representations associated to (A, i). Take a prime number p not dividing d = disc(B). We then have isomorphisms of Z p -modules:
The middle is also an isomorphism of left O-modules; the last is also an isomorphism of Z p -algebras (which was fixed in §1). We sometimes identify these Z p -modules. Take a Z p -basis
. Then the image of the natural map
where Aut O⊗ Z Zp (T p A) is the group of automorphisms of T p A commuting with the action of O ⊗ Z Z p . The above observation implies
Then the representation ρ A/k,p factors as
denote the Galois representation determined by "X", so that we have
Note that this construction of ρ (A,i)/k,p is slightly different from that in [4, §2] , but the resulting representations are the same. We have the following criterion for Conjecture 1.1 for QM-abelian surfaces.
Lemma 2.1. Assume that there is a constant C(B, K) depending on B and a number field K such that ρ (A,i)/K,p is irreducible for any prime number p > C(B, K) and any QM-abelian surface (A, i) by O over K. Then the set A (K, 2) B is finite.
We claim the following.
p not contained in the linear subspace F p a 1 and put H = (a 1 b). Then (C) holds. If a 1 = 0 and a 2 = 0, then X(σ)a 2 = u(σ)a 2 , and so (C) holds. If a 1 = a 2 = 0, then c 1 = 0 or c 2 = 0
In this case ρ (A,i)/K,p is reducible, and so p ≤ C(B, K). Therefore ♯A (K, 2) B < ∞. Theorem 1.5 is a consequence of the following theorem (Theorem 2.2) together with Lemma 2.1. Before stating this theorem, we need some preparation. For a number field K, let M be the set of prime numbers q such that q splits completely in K and q does not divide 6h K . Let N be the set of primes q of K such that q divides some prime number q ∈ M. Take a finite subset ∅ = S ⊆ N such that S generates the ideal class group of K. For each prime q ∈ S, fix an element
For a prime number q, put F R(q) := β ∈ C β 2 + aβ + q = 0 for some integer a ∈ Z with |a| ≤ 2 √ q .
For q ∈ S, put N(q) = ♯(O K /q). Then N(q) is a prime number. For a finite Galois extension K of Q, define the sets (cf. [3] , [4] 
Note that all the sets, F R(q), M 
is irreducible for any QM-abelian surface (A, i) by O over K. 
Points on Shimura curves
The following theorem is proved by a method similar to the proof of Theorem 2.2 (cf. [Mo4]). . Let K be a finite Galois extension of Q which does not contain the Hilbert class field of any imaginary quadratic field. Assume that there is a prime number q which splits completely in K and satisfies B ⊗ Q Q( √ −q) ∼ = M 2 (Q( √ −q)). Let p > 4q be a prime number which also satisfies p ≥ 11, p = 13,
Here an elliptic point of order 2 (resp. 3) is a point whose corresponding triple (A, i, V ) (over K) satisfies Aut O (A, V ) ∼ = Z/4Z (resp. Z/6Z), where Aut O (A, V ) is the group of automorphisms of A defined over K commuting with the action of O and stabilizing V .
Examples
We give several explicit examples of Theorem 1.5 in the following proposition. To prove Proposition 4.1, we need the following four lemmas.
. Then a prime number q splits completely in K if and only if q ≡ 1, 23, 47, 49 mod 60 (resp. q ≡ 1 mod 5, resp. q ≡ 1 mod 17).
Proof. A prime number q splits in Q( √ 3) (resp. Q( √ −5)) if and only if q ≡ ±1 mod 12 (resp. q ≡ 1, 3, 7, 9 mod 20). Then the assertion for Q( √ 3, √ −5) follows. The rest of the assertions are trivial.
Lemma 4.3. Let d be 6 (resp. 10, resp. 22). For a prime number q, we have Proof. For a quadratic field L, we have B⊗ Q L ∼ = M 2 (L) if and only if there is a prime divisor of d which splits in L. The prime number 2 (resp. 3, resp. 5, resp. 11) splits in Q( √ −q) if and only if q ≡ −1 mod 8 (resp. q ≡ −1 mod 3, resp. q ≡ ±1 mod 5, resp. q ≡ 2, 6, 7, 8, 10 mod 11). Then we have done. , it suffices to show that K v contains a quadratic extension of Q 3 (resp. Q 2 , resp. Q 11 ) for any place v of K above 3 (resp. 2, resp. 11).
For a prime number p, let e p (K) (resp. f p (K), resp. g p (K)) be the ramification index of p in K/Q (resp. the degree of the residual field extension above p in K/Q, resp. the number of primes of K above p). For K = Q( √ 3, √ −5) (resp. Q(ζ 5 ), resp. Q(ζ 17 )), we have (e 3 (K), f 3 (K), g 3 (K)) = (2, 1, 2) (resp. (1, 4, 1), resp. (1, 16, 1) ), (e 2 (K), f 2 (K), g 2 (K)) = (2, 1, 2) (resp. (1, 4, 1), resp. (1, 8, 2) ), (e 11 (K), f 11 (K), g 11 (K)) = (1, 2, 2) (resp. (1, 1, 4), resp. (1, 16, 1) ). Then K v contains a quadratic extension of Q 3 (resp. Q 2 , resp. Q 11 ) for any place v of K above 3 (resp. 2, resp. 11) unless K = Q(ζ 5 ) and v|11. Note that if K = Q(ζ 5 ) and v|11, then K v = Q 11 . For the proof of the next lemma, we add (e 5 (K), f 5 (K), g 5 (K)) = (2, 2, 1) (resp. (4, 1, 1), resp. (1, 16, 1) ). 
